We study the minimal free resolution of the Veronese modules, S n,d,k = ⊕ i≥0 S k+id , where S = k[x 1 , . . . , x n ], by giving a formula for the Betti numbers in terms of the reduced homology of some skeleton of a simplicial complex. We prove that S n,d,k is Cohen-Macaulay if and only if k < d, and that its minimal resolution is pure and has some linearity features when k > d(n − 1) − n. We also conjecture that the resolution of S 2,d,k is always pure. Given a graded ring S = ⊕ i≥0 S i , the Veronese subring S (d) is defined as ⊕ i≥0 S id and the Veronese modules S n,d,k , which are modules over the Veronese subring, are ⊕ i≥0 S k+id . In this paper, we set S = k[x 1 , . . . , x n ], where k is an algebraically closed field of characteristic 0, and we deal with the syzygies of the Veronese modules.
Given a graded ring S = ⊕ i≥0 S i , the Veronese subring S (d) is defined as ⊕ i≥0 S id and the Veronese modules S n,d,k , which are modules over the Veronese subring, are ⊕ i≥0 S k+id . In this paper, we set S = k[x 1 , . . . , x n ], where k is an algebraically closed field of characteristic 0, and we deal with the syzygies of the Veronese modules.
There has been a lot of effort already to find the graded Betti number of the Veronese ring S (d) . The problem can be really hard, namely, in [6] , Ein and Lazarsfeld showed that for d ≫ 0 the graded Betti numbers β i,j (S (d) ) = 0 for many j if i is large: in particular, they proved that, for d ≫ 0 there exist l 1 , l 2 such that β p,p+q = 0 for all p in the range l 1 d q−1 ≤ p ≤ d+n n − l 2 d n−q . It is known (see references in [11] ) that β i = β i,(i+1)d , for all i > 0, in the cases n = 2 or (d, n) = (2, 3). Instead, when d = 2 and n > 3, we have that the equality holds for i ≤ 5. In addition, for d = 2, all Betti numbers have been determined. In case n, d ≥ 3, Ottaviani and Paoletti (in [11] ) also proved that β i = β i,(i+1)d , for all i > 3d − 3, and conjectured that the equality holds for i ≤ 3d − 3. They proved their conjecture for n = 3 and (d, n) = (3, 4). Bruns, Conca and Römer, in [3] , provided another proof for n = 3.
Moreover, in [8] , Goto and Watanabe proved that the Veronese ring S (d) is Cohen-Macaulay and that its canonical module is given by the Veronese module S n,d,d−n .
In order to calculate the Betti numbers of semigroup rings, Bruns and Herzog, in [5] , defined the squarefree divisor complex, ∆ c (see Section 1) . In particular, they gave a formula for β i,j (S (d) ) in terms of the dimension of the reduced homology of ∆ c . Recently, in [12] , Paul gave another description of the graded Betti numbers of semigroup rings (actually he worked in a more general environment) in terms of the reduced homology of a simplicial complex, Γ c , called pile simplicial complex.
In this paper, we concentrate on the syzygies of S n,d,k . The main result generalizes Paul's and Bruns-Herzog's formulas to the Veronese modules. Using this tool, in Theorem 3.5, we show that the Betti numbers of S n,d,k can be non-zero only in degrees k + id for i < n; we also characterize when these modules are Cohen-Macaulay. Later, in Theorem 3.8, we prove that if k > d(n − 1) − n, then the resolution of the Veronese module S n,d,k is pure (and actually β i = β i,k+id ).
We also find a general way to compute the rational form of the Hilbert series of the Veronese modules. Indeed we prove that:
Hence,
This allows us to write a closed formula for H(S n,d,k ; z) for n ≤ 3 (see equations (3) and (4)) and, by differentiating, one could get the Hilbert series for larger n.
Using the knowledge of the Hilbert series and the pureness property, we are able to describe the Betti diagram for S 2,d,k , for k ≥ d − 1 and one may generalize the same result for k > d(n − 1) − n (see Section 4). Moreover, in Section 4 we conjecture the structure of the Betti table for S 2,d,k , for k < d. 
In addition,
We prove this conjecture for
Finally, for k > 0, we prove the linearity of the first step of the minimal resolution of S n,d,k (see Corollary 3.17).
The first section provides a summary of results about the Veronese rings and the definition of Veronese modules. In the second section we concentrate on their Hilbert series. Later, in Section 3, we prove our theoretical result on the Betti numbers of the Veronese modules, we characterize the cases in which they are Cohen-Macaulay, and we give a sufficient condition for the linearity of their minimal graded free resolution. In Section 4, we deal with the case n = 2. Finally, in Section 5, we calculate the Betti tables of S 3,4,0 , S 3,5,0 and S 4,3,0 .
Preliminaries
In this section, we recall the definition of Veronese subring and Veronese modules and we give a short summary of some of the results known in literature that relate these with the squarefree divisor complex, given by Bruns and Herzog in [5] , and with the pile simplicial complex, given by Paul in [12] , specialized to our settings.
with a i being the i-th element of A with respect to the lexicographic order and
being the cardinality of A. Thus,
Let us consider the affine numerical semigroup H ⊆ N n generated by the set A. Definition 1.2. Given an element h ∈ H, we define the squarefree divisor complex to be the simplicial complex
The following proposition was proved by Bruns and Herzog in a more general setting, here we are only stating the version for the Veronese subrings. 
Let us define the partial ordering in Z n as a ≤ b if and only if b−a ∈ N n . Definition 1.4. The pile simplicial complex of A is
This simplicial complex is equal to the squarefree divisor complex, when c belongs to the semigroup generated by A.
Paul first proved a duality formula (see Theorem 1 in [12]), namely:
where t = a∈A a andĉ = t − c − 1. Then he applied the isomorphism above to obtain the following result.
Theorem 1.5 (Theorem 7 in [12] ). Let i ∈ Z and c ∈ Z n , then
From now on, given a vector c = (c 1 , . . . , c n ) in Z n , |c| = c 1 + c 2 + · · · + c n denotes the total degree of c. Definition 1.6. Let n, d, k ∈ N, the Veronese modules, S n,d,k , are defined as
By the Auslander-Buchsbaum formula (see [4, 10] ), we have that
. Moreover y 1 is always a non zero-divisor with respect to S n,d,k and so
In particular S n,d,k is Cohen-Macaulay if and only if it has depth n, i.e. projective dimension N − n.
In the following sections, we are going to state that some resolutions are linear even if they are not according to the standard definition (see [13] ). Definition 1.7. Let R be a polynomial ring, I a graded ideal in R, and let T = R/I. Consider the minimal free resolution of T by free R-modules:
We recall the definition of linearity of the resolution of a module, as given by Eisenbud and Goto in [7] . Definition 1.8. Let M be a finitely generated graded S-module. The module M has p-linear resolution, over the polynomial ring S, if its minimal free graded resolution has the form: 
In the last case, the definition of pseudo-linearity coincides with the definition of linearity, given in [7] , in fact S n,d,k would have a 0-linear resolution.
Finally, let us recall a result by Goto and Watanabe on the canonical module of Veronese ring.
The Hilbert series of the Veronese modules
Let us fix some notation. We denote by H(M; z) the Hilbert series of the module
N , where in the numerator we have the h-polynomial h(z) = i,j (−1) i β i,j z j . In the literature, there has been some work trying to find an explicit formula for the Hilbert series and Hilbert polynomial of the Veronese rings. Recently Brenti and Welker showed (see Theorem 1.1 in [2] ) that the Hilbert series of S n,d,0 is
where
One could compute the h-polynomial by multiplying the numerator by ( 
In one variable it is easy to see that the Hilbert Series of
We want to find a direct formula for the Hilbert series of S n,d,k and we use the following property.
Theorem 2.1.
Proof. By definition of S n,d,k the Hilbert series is
Let us consider the first derivative
and we analyze the coefficient of z k+id−1 , i.e.
As a consequence, we get a direct expression:
. The Hilbert series of the Veronese modules is
Therefore, by differentiating For what concerns this article we write down the general formula for H(S 2,d,k ; z) and H(S 3,d,k ; z):
and
Therefore one could compute the h-polynomials.
Proof. To get the h-polynomial we have to multiply the numerator of the rational form of the Hilbert Series by ( 
If we switch (−1) i−1 with (−1) i+1 then for i = 0 one also gets c 0 .
Proof. Similarly to the proof of Corollary 2.3, we multiply the numerator of the rational form of the Hilbert series by
We are going to use this to compute the Betti numbers of the Veronese module in the pure cases.
The Betti table of the Veronese modules
This section contains our main theorem, which gives the connection between the syzygies of the Veronese modules and the pile simplicial complex.
Proof. In order to compute the Betti numbers of M = S n,d,k , we need to consider the homology of K, the Koszul complex of M. The i-th module in the Koszul complex is denoted with K i and it is equal to ∧ i M = ⊕Me j 1 ∧· · ·∧e j i , so its non zero graded components lie in degrees (k + id, k + (i + 1)d, · · · ). Given a multidegree c such that |c| = k + jd, for all j, one notices that dim(K i ) c = 0, i.e. β i,c (M) = 0, for all i. Now, let us take c with |c| = k + jd, for some k ∈ N, we aim to prove that: in each component, i.e. {j 1 , . . . , j i } ∈ Γ c , moreover {j 1 , . . . , j i } is also a face of the (j − 1)-skeleton, because we were supposing that i ≤ j. Therefore, it is enough to consider the isomorphism that sends me j 1 ∧ · · · ∧ e j i to the face {j 1 , . . . , j i }. Then, it is easy to see that the differentials in the two complexes are defined in the same way. As we remarked in the previous proof the Betti number β i,c = 0 if |c| = k + jd for all j. So, in the rest of the paper, we will consider the following more compact version of the Betti table.
In the next theorem we prove that those are the only possible non-zero Betti numbers, that is there are at most n rows. (This gives a bound on the regularity.)
Theorem 3.5. The compact Betti diagram of S n,d,k has at most n rows.
Proof. We want to prove that for all j ≥ 0, β j,k+(n+j)d (S n,d,k ) = 0. Using Theorem 3.1 we know that
We observe thatH j−1 (Γ n+j−1 c , k) =H j−1 (Γ c , k) and we apply Paul's duality:
Let us apply again Theorem 3.1 to characterize the Cohen-Macaulayness of S n,d,k . Proof. We know that N − n ≤ pdim S n,d,k ≤ N − 1. We are going to show that if k < d then pdim S n,d,k = N − n and if k ≥ d then pdim S n,d,k = N − 1.
Let k < d. We want to prove that β N −n+1,k+(N −n+1+i)d = 0 for all i. For simplicity let α = (N − n + 1 + i) and |c| = k + dα. We note that dim Γ c < α and thus Γ α−1 c = Γ c . Using Theorem 3.1, we know that
Applying (1), we get
it is sufficient to prove that for somec, dim kHN −2 (Γ N −2 c , k) = 0. Let |c| = k + (N − 1)d and assume for simplicity that |c| is a multiple of n. Consider the casec = (
is the boundary of an N − 1 dimensional simplex. Indeed, we denote by F i the face of cardinality N − 1 over the N vertices with a i = (i 1 , . . . , i n ) missing:
Since
for any i. If |c| is not a multiple of n, write |c| = mn + s and prove (in a similar way) that Γ N −2 c * is the boundary of an N − 1 dimensional simplex with c * = m1 + (s 1 , . . . , s n ) and j s j = s, 0 ≤ s j ≤ 1. 
Pseudo-Linearity of S n,d,k
By studying the dimension of the pile simplicial complex one also obtains a sufficient condition for the pseudo-linearity of the resolution. Proof. We want to show that β i,k+(i+1)d (S n,d,k ) = 0 for all i. Let |c| = k + (i + 1)d. We know that
Example 3.9. For S 3,3,3 we have that k = d(n−1) −n and using Macaulay2 [9] for calculating the Betti numbers we see that the resolution is not even pure. 
Proof. For Theorem 3.8 we know that the first part of the statement holds. Using Corollary 2.3, we know the h-polynomial of S 2,d,k and, since the resolution is pure, this gives the Betti numbers. 
where a, b, c are defined in Corollary 2.4.
Using the Eagon-Northcott resolution, it is well known that k[x, y] (d) has a linear resolution. We provide another proof for this fact: Proof.
In general, we are able to say that the resolution of S n,d,k is always pseudolinear in the first step. In particular this is true for the canonical module of . In the following, we will prove that β 1 (S n,d,k ) = β 1,k+d (S n,d,k ). 
but v 1 = w 1 + 1 and so the sufficient constrains are
Let us choose u i = c i − w i , 2 ≤ i ≤ n, and
This choice does not work in case u 1 < 0, that is d+w 2 +· · ·+w n < c 2 +· · ·+c n . In this circumstance, we set u 1 = 0, u i = min{d − i−1 j=1 u j , c i − w i } and u n = d − n−1 j=1 u j , and this vector u satisfies the inequalities above. Namely, it can happen that u j = c j − w j , for 2 ≤ j < i, and u i = d − u 1 − · · · − u i−1 , then in this case u i+1 = · · · = u n = 0, and the inequalities are satisfied. The other case is when u j = c j − w j for 2 ≤ j < n − 1 and u n = d − u 1 − · · · − u n , then u n + w n = d + w 2 + · · · + w n − c 2 − · · · − c n−1 < c n , and the other inequalities are also trivially satisfied. Proof. The statement follows using Theorem 3.1 and from the previous proposition applied to β 1,k+id (S n,d,k ). 
We prove this in some cases. Moreover it has been verified on Macaulay2 for for any k and d ≤ 12.
Using this conjecture and Corollary 3.11 we provide the complete Betti tables of the Veronese modules in two variables.
Theorem 4.2. The previous conjecture is true for
Proof. For k = 0, the statement is proved in Corollary 3.13. For k = 1, the statement is proved in Corollary 3.16.
Using Proposition 2.3, we know that the alternating sum of the Betti numbers β k+1,k+(k+1)d and β k,k+(k+1)d is zero. Since S 2,d,k is Cohen-Macaulay, then it is enough to prove that β k+1,k+(k+1)d = 0.
Hence, let |c|
We note that dim Γĉ ≤ k and so β k+1,c = dim kHk (Γ c , k). Applying Paul's duality, one gets β k+1,c = dim
, |ĉ| = d and we considerH −1 of a simplicial complex that always contains at least a vertex.
Applications in three and four variables
In this section we calculate the Betti tables of the Veronese rings, S 3,4,0 , S 3,5,0 and S 4,3,0 , using the knowledge of the h-polynomial (see Corollary 2.4) and the regularity (see Theorem 3.5). By duality, these give also the Betti tables of their canonical modules, S 3,4,1 , S 3,5,2 and S 4,3,2 . The number of rows of the Betti tables for these Veronese rings and modules is always three. By using Macaulay2, we are able to compute the first row of the Betti 
